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Abstract
For each word w in the Fibonacci lattices Fib(r) and Z(r) we partition the interval [0^; w] in
Fib(r) into subposets called r-Boolean posets. In the case r = 1 those subposets are isomorphic
to Boolean algebras. We also partition the interval [0^; w] in Z(r) into certain spanning trees
of the r-Boolean posets. A bijection between those intervals is given in which each r-Boolean
poset in Fib(r) corresponds to a spanning tree in Z(r). c© 2000 Elsevier Science B.V. All rights
reserved.
Resume
Pour tout mot w appartenant aux treillis de Fibonacci Fib(r) et Z(r) on partitionne l’intervalle
[0^; w] de Fib(r) en sous-posets, appelles r-posets de Boole. (Dans le cas r = 1 ces posets sont
isomorphes a des algebres de Boole). Pareillement, on partitionne l’intervalle [0^; w] de Z(r)
en certains arbres maximaux de r-posets de Boole. On presente une bijection entre ces deux
intervalles de sorte que tout r-poset de Boole dans Fib(r) corresponde a un arbre maximal de
Z(r). c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
In a 1988 paper [7], Stanley introduced a class of partially ordered sets, called
dierential posets, dened independently by Fomin [1] who called them Y -graphs. The
prototypical example of a dierential poset is Young’s lattice, Y , the lattice of integer
partitions ordered by inclusion of Ferrers diagrams. Another important example is given
by the Fibonacci r-dierential poset, Z(r), dened for each positive integer r.
In [5,7] Stanley dened the partially ordered set Fib(r) which has the same elements
as Z(r), but dierent covering relations. He showed that: (a) for both posets, the
number of pairs of saturated chains from the smallest element, 0^, to elements, w, of
height n is rnn!; (b) for every element w, Fib(r) and Z(r) aord the same number of
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maximal chains in the interval [0^; w]; and in [8] that (c) they have the same number of
elements in each such interval. Stanley’s proofs of these results are algebraic. Statement
(b) was also shown by Fomin [1]. In [2,3], Fomin gave a constructive proof of (a).
In [4], O’Hara and this author gave a bijective proof of (b). A constructive proof of
(c) is given in this paper.
The construction of this bijection partitions the intervals in Fib(r) into certain sub-
posets, which we call r-Boolean posets, related to the lattice of subsets of the set
[n]=f1; 2; : : : ; ng. At the same time, we partition the intervals in Z(r) into trees, called
r-Boolean trees which, for xed n, have the same cardinality as the r-Boolean posets.
The correspondence is then dened between r-Boolean posets and r-Boolean trees. An
example of this correspondence is illustrated in Fig. 3.
2. Basic denitions
In this section, we dene the lattices Fib(r) and Z(r), and give some related notation.
We also dene r-Boolean posets and trees. For denitions related to the theory of
partially ordered sets and lattices see [6].
Denition 1. The Fibonacci Lattice; Fib(r) (Stanley [7]). As a set, Fib(r)=A(r), the
set of all nite words over the alphabet A(r) = f1; 2; : : : ; r; g. The covering relations
for Fib(r) are given by for u; v 2 Fib(r), ul v, if either
(i) v is obtained from u by changing any digit to a , or
(ii) v is obtained from u by appending a digit to the end of u.
Equivalently, we could dene the ordering on Fib(r) as: for words u = u1u2    ul
and v = v1v2    vk ; u6v if and only if l6k and for each i, 16i6l, ui6vi where
;<a<  for all digits a 2 [r] and distinct digits are incomparable.
Denition 2. The Fibonacci Lattice; Z(r) (Stanley [7]). The Fibonacci r-dierential
lattice, Z(r), consists of all nite words over the alphabet A(r) = f1; 2; : : : ; r; g. (As
sets, Z(r)=Fib(r).) An element u of Z(r) is covered by an element v of Z(r); ul v,
if either
(a) v is obtained from u by changing the rst digit to a , or
(b) v is obtained from u by inserting a digit to the left of the rst digit (if no digit
exists, then insert a digit in any position).
Denition 3. For w 2 A(r), let i(w) = the number of nonzero digits in w; j(w) =
the number of ’s in w, and l(w) = i(w)+ j(w) = the length of w. The rank function
is the same for Fib(r) and Z(r), and is given by (w) = i(w) + 2j(w).
We will sometimes use the notation L(r) when referring to properties possessed by
both lattices.
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Denition 4. For integers n>1 and r>1, we dene the r-Boolean tree, denoted T(n; r)
to be a rooted tree whose vertices are labelled according to the following recursive
rule:
 The root is given the label (n+ 1)r , and
 Each vertex with a label ki (for 1<k6n+1) has r(k−1) children which are given
the labels 11; 12; : : : ; 1r ; 21; 22; : : : ; 2r ; : : : ; (k − 1)1; (k − 1)2; : : : ; (k − 1)r .
Observe that T(n;1) is a spanning tree for the Boolean algebra Bn, the lattice of subsets
of [n] ordered by inclusion, since each path from a xed vertex to the root has labels
which dene a subset of n. In what follows, we dene a poset for which T(n; r) will be
a spanning tree.
Denition 5. For integers n>1 and r>1, dene an r-colored k-subset of [n] to be
a k-subset of [n] in which each element of the set is assigned a color from the set
f1; 2; : : : ; rg. Let ji denote the element j with the color i. There are rk

k
n

r-colored
k-subsets of [n]. The r-Boolean poset, B(n; r) is dened as the set of all r-colored
k-subsets of [n] ordered by reverse inclusion. Under this ordering, f11; 31; 42g< f11; 42g,
but f11; 31; 42g is not comparable to f11; 41g. When r = 1; B(n;1) is the usual Boolean
algebra.
Note that
jB(n; r)j= jT(n; r)j=
nX
k=0
rk
n
k

= (r + 1)n:
3. The correspondence
Proposition 1. Let w=w1w2   wl(w). The interval [0^; w]Fib(1) can be partitioned into
disjoint sublattices of the form:
One maximal 0^! w chain; CF(w); and
for each wt = ; (wt+1wt+2   wl(w)) sublattices isomorphic to the Boolean lattice
Bj(w1w2wt−1).
See Fig. 1 for an example.
Proof. There is a unique maximal 0^ ! w chain in [0^; w]Fib(1) which grows from left
to right, always satisfying the condition that xi6wi. (e.g. if w = 11    1  11  1,
then CF(w) = ; l 1 l 11 l 111 l 11 l 11  1 l 11   l 11  1 l 11   l
111l 1111l 111l 1111l 11111l 111111l
11    1  11l 11    1  11  1l 11    1  11  l 11    1  11  1:)
If w = 1k , then [0^; w]Fib(1) is the chain ;l 1l 11l   l 1k .
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Fig 1.
Assume w= u  v. Then u1vl w. The elements in the interval [1l(u)1v; u1v] form a
sublattice of Fib(1) isomorphic to Bj(u), since there are

j(u)
k

ways of leaving v xed
and changing k’s in u to 1’s. Observe that the top of this copy of Bj(u) begins at rank
(w)− 1.
Now, the element u1v0 l u1v, where v0 is obtained from v by deleting the last letter
if it is a 1, or by changing the last letter of v from a  to a 1. As before, the elements
in [1l(u)1v0; u1v0] form a sublattice of Fib(1) isomorphic to Bj(u) whose top element is
on rank (w) − 2. Continuing in this manner, we get (v) copies of Bj(u) beginning
on ranks (w)− 1; (w)− 2; : : : ; (w)− (v).
Because each element in the Boolean algebra beginning on rank (w)−k has length
l(w)−k, the intersection of these sublattices is empty. Furthermore, if we write w=u v
for v 6= v; u 6= u then Bj(u) \ Bj( u) = ;.
We have shown that the interval [0^; w] contains the desired sublattices. On the
other hand, if x 2 [0^; w], then l(x)6l(w), and xi6wi for i = 1 to l(x). If xi = wi
for 16i6l(x) − 1, then x2CF(w). Otherwise, there exists a t such that wt = , and
x = x1x2    xt−11wt+1   wl(x)−1xl(x), so
x 2 [1twt+1   wl(x)−1xl(x); w1w2   wt−11wt+1   wl(x)−1xl(x)]
and x is contained in one of the Boolean sublattices.
Proposition 2. Let w = w1w2   wl(w). The interval [0^; w]Z(1) can be partitioned into
disjoint sublattices of the form
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Table 1
w 11    1  11   1
Number 14 12 10 7 3 1
Fib(1) B0 B1 B2 B3 B4 B5
Top ranks 17; : : : ; 4 17; : : : ; 6 17; : : : ; 8 17; : : : ; 11 17; : : : ; 15 17
Z(1) T0 T1 T2 T3 T4 T5
Top ranks 15; : : : ; 2 15; : : : ; 4 15; : : : ; 6 14; : : : ; 8 12; : : : ; 10 12
One maximal 0^ ! w chain; CZ(w); and for each wt = ; (wt+1wt+2   wl(w))
subposets isomorphic to the tree Tj(w1w2wt−1).
See Fig. 1 for an example.
Proof. There is a unique maximal 0^! w chain in [0^; w]Z(1) which rst grows the ’s
in w from left to right, then inserts the 1’s from right to left. (e.g. if w=111111,
then CZ(w)= ;l 1l l 1l l   1l   l   1l   l     1l
    l     1l     l       1l     1  1l     11  1l
  1  11  1l 1    1  11  l 11    1  11  1:)
If w = 1k , then [0^; w]Z(1) is the chain ;l 1l 11l   l 1k .
Assume w= u  v. Let u0  v denote the element obtained from w by deleting the 1’s
from u. So u0  v6w. Then u01vl u0  v. The elements in the interval [1l(u0)1v; u01v]
form a subtree of Z(1) isomorphic to Tj(u). There are j(u) = l(u0) ways of leaving v
xed and changing a  in u to a 1. Recursively, if the rst 1 occurs in the kth position
of a word, then there are k−1 ways of changing a  to a 1, and leaving the tail xed.
Observe that the top of this copy of Tj(u) begins at rank (w)− i(u)− 1.
If v0 is obtained from v by deleting the leftmost 1, if it exists, or by changing
the last letter in v from a  to a 1 if v = l(v), then u01v0 l u0  v0 l u0  v. The
interval [1l(u
0)1v0; u01v0] forms a subtree isomorphic to Tj(u), and there are (v) disjoint
copies of Tj(u) in the interval [0^; w]Z(1). These trees begin on ranks (w) − i(u) − 1;
(w)− i(u)− 2; : : : ; (w)− i(u)− (v).
If x 2 [0^; w]Z(1), then let t be the leftmost position such that w = w0wtv and let
x = x0xtv, where wt 6= xt .
If wt =  and xt =1, then x= x01v6w0  v if and only if x01v6 l(x0) 1v6w0  v. So,
either v= ; and x0 = l(x0), in which case x 2 CZ(w), or x 2 [1l(x0)1v; l(x0)1v].
If wt = 1 and xt = , then x = x0  v6w01v if and only if x0  v6 l(x0) 1v6w01v.
So, either x0 = l(x0), in which case x 2 CZ(w), or x 2 [1l(x0)+11v; l(x0)+11v].
The interval [0^; w] with w=11    1  11  1 will have, in addition to the maximal
chain CL(w), sublattices described by Table 1.
Theorem 3. There is a bijection between intervals [0^; w]Fib(1) and [0^; w]Z(1) which maps
each Boolean subposet; Bn in Fib(1); to a spanning tree; Tn in Z(1).
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Fig 2.
Proof. The partitioning given by Propositions 1 and 2 shows that the intervals have
the same number of elements. The bijection can be explicitly stated as follows:
The unique 0^! w chain CF(w) is clearly in one-to-one correspondence with CZ(w).
For x 2 CF(w), y 2 CZ(w), x $ y if and only if (x) = (y).
For w = u  v, if v0 2 CF(v) is of rank (v0) = m, then there is a unique Boolean
sublattice, Bj(u)(1v0) in [0^; w]Fib(1) whose top element is u1v
0.
Similarly, if v00 2 CZ(v) of rank (v00) = m, and u0 = j(u), then there is a unique
tree in [0^; w]Z(1) having top element u
01v00; Tj(u)(1v00).
Thus, the correspondence Bj(u)(1v0) $ Tj(u)(1v00) is one-to-one and onto between
subposets.
If x 2 Bj(u)(1v0) then x = u1v0 for some u 2 [1l(u); u]Fib(1). Let u0 be the word
obtained from u by deleting the ones from the positions in which they occurred in u.
Then u0 2 [1l(u0); j(u)]Z(1) and y= u01v00 2 Tj(u)(1v00). The correspondence x $ y gives
a bijection between elements within these subposets.
The partitioning of the intervals [;;     ]L(1) is indicated by bold lines in Fig. 1.
In the case w= l(w), though not in general, the bijection between elements is just the
identity map. In the case w = 11    1  11  1, the copy of B3 beginning on rank
15 in Fib(1) will get mapped to the copy of T3 beginning on rank 12 as illustrated in
Fig. 2.
The case r > 1 is similar. Since there are r ways to change a  to a digit, the interval
is partitioned into slightly more complicated posets. We begin with the analogue to the
unique maximal chains CF(w) and CZ(w) of Propositions 1 and 2. Fig. 3b illustrates
these lattices MFib(r)(w) and MZ(r)(w) for the word w = 2  1  2.
Denition 6. We dene MFib(r)(w) to be the unique sublattice of [0^; w]Fib(r) which
contains 0^ and w and grows from left to right, always satisfying the condition that
xi6wi. In this sublattice, if wt=, then the number of elements on rank (w1w2   wt)−
1 is r while the number of elements on the other ranks, from 0 to (w), is 1.
Denition 7. Dene MZ(r)(w) to be the unique sublattice of [0^; w]Z(r) which contains
0^ and w and rst grows the j(w) ’s in w from left to right, then inserts the digits
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of w from right to left. In this sublattice, the number of elements on odd ranks
1; 3; : : : ; 2j(w) − 1 is r, while the number of elements on the ranks 0; 2; : : : ; 2j(w);
2j(w) + 1; : : : ; (w), is 1.
Note that jMFib(r)(w)j= jMZ(r)(w)j= l(w) + rj(w).
Proposition 4. Let w=w1w2   wl(w). The interval [0^; w]Fib(r) can be partitioned into
disjoint sublattices of the form
One copy of MFib(r)(w); and for each wt=; rjMFib(r)(wt+1wt+2   wl(w))j subposets
isomorphic to the r-Boolean poset B(j(w1w2wt−1); r).
Proof. This proof is similar to the proof of Proposition 1. We outline the essential
dierences. If w= u  v, then there are r elements of the form uavl w where a 2 [r].
For each of these r elements, and for each v0 2 jMFib(r)(v)j we get a copy of B( j(u); r),
having top element uav0 (denoted B( j(u); r)(av0)). The elements of B( j(u); r)(av0) represent
the rk

j(u)
k

ways of leaving v0 xed and successively changing k ’s in u to digits.
If x 2 [0^; w]Fib(r), then either x agrees with w in at least the rst l(x)− 1 positions,
and x 2 MFib(r)(w), or x agrees with w in positions t+1; : : : l(x)−1, and can be obtained
from w by changing 16k6t ’s to digits (and wl(x) to xl(x) if they are dierent). So,
x 2 B( j(w1wt−1); r)(xtwt+1   wl(x)−1xl(x)).
The proof of Proposition 2 can be generalized to the case of r>1 in a similar
fashion to get the following partitioning in Z(r).
Proposition 5. Let w = w1w2   wl(w). The interval [0^; w]Z(r) can be partitioned into
disjoint sublattices of the form
One copy of MZ(r)(w); and for each wt = ; rjMZ(r)(wt+1wt+2   wk)j subposets
isomorphic to the r-Boolean tree T(j(w1w2wt−1); r).
Proof. If w = u  v, then for each v0 2 MZ(r)(v), there are r rooted trees whose root
label corresponds to the element j(u)av0 for some a 2 [r] (denoted T(j(u);r)(av0).) Each
child labelled ki corresponds to changing the kth  to the digit i in the rst block of
’s appearing in the parent element. Thus, there are rjMZ(r)(v)j subposets isomorphic
to the tree T(j(u);r).
If x 2 [0^; w]Z(r), then we get the cases:
1. x0av<w0v if and only if x0av6l(x0)av6w0v, and x2MZ(r)(w), or x2T(l(x0); r)(av)
having root l(x)av.
2. x0  v<w0av if and only if x0  v6 l(x0) av6w0av, and x 2MZ(r)(w), or
x2T(l(x0)+1; r)(av) having root l(x)+1av.
3. x0av<w0bv if and only if x0av6 l(x0) bv6w0bv, and x 2 MZ(r)(w), or
x2T(l(x0)+1; r)(bv) having root l(x)+1bv.
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Fig 3 a.
The partitioning of the intervals [;; 2  1  2]L(2) into subposets is illustrated in
Fig. 3a.
In the correspondence of Theorem 3 the map between maximal chains CF(w) and
CZ(w) was rank preserving. It was this map (applied to the tail of w) which determined
the correspondence between the set of subposets Bk and the set of trees Tk for xed k.
In the same way, we will dene a map between MFib(r)(w) and MZ(r)(w) which will
govern the correspondence between subposets of the same cardinality. As Fig. 3b, 3c
illustrates, this bijection cannot preserve rank.
Lemma 6. For w 2 A(r); there is a bijection between the lattices MFib(r)(w) and
MZ(r)(w).
Proof. The bijection relies on knowing, for each x0 l x 2 ML(w), the position in
which a digit is inserted or a digit is changed to a  in x0 in order to obtain x. First,
beginning with w and working down to ;, insert a 0 as a place holder each time a
digit is deleted to get to the next lower rank in ML(w). The length of each new word
in ML(w) will be equal to l(w). In this new word is easy to see what change occurred
between ranks. The bijection is dened as follows:
; $ ;. Let x=x1x2    xl(w); y=y1y2   yl(w), x0=x01x02    x0l(w), and y0=y01y02   y0l(w)
be such that ;6x0 l x6w in MFib(r)(w) and ;6y0 l y6w in MZ(r)(w). x $ y if
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Fig 3b.
and only if for some t; 16t6l(w), either
1. x0t = 0 = y
0
t and xt = a= yt , or
2. x0t ; y
0
t 2 [r] and xt = = yt .
To see that this is well dened and one-to-one, notice that an element x in ML(r)(w)
either covers a unique element or it covers r elements. If x is covered by r elements,
then x is obtained by changing the digit which occurs in the same position of each of
these r elements to a . Since jMFib(r)(w)j = jMZ(r)(w)j this denes a bijection. (see
Fig 3b).
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Theorem 7. There is a bijection between intervals [0^; w]Fib(r) and [0^; w]Z(r) which maps
each r-Boolean subposet; B(n; r) in Fib(r); to a spanning tree; T (n; r) in Z(r).
Proof. Lemma 6 gives a bijection between the sublattices MFib(r)(w) and MZ(r)(w).
For w = u  v, v0 2 MFib(r)(v) if and only if there is an element v00 2 MZ(r)(v) such
that v0 corresponds to v00 under the bijection of Lemma 6. For each a 2 [r], there is
a unique r-Boolean subposet, B(j(u); r)(av0) in [0^; w]Fib(r) and a unique r-Boolean tree,
T(j(u); r)(av00) in [0^; w]Z(r). Thus, the bijection of Lemma 6 gives us a correspondence
between subposets.
Within subposets, the correspondence is as in Theorem 3, x 2 B(j(u); r)(av0) if and
only if x= uav0 $ u0av00=y if and only if y 2 T(j(u); r)(av00) where u0 is obtained from
u by deleting the digits from the positions in which they occurred in u. An example
of this bijection appears in Fig. 3.
Remark. In the case w= l(w), this bijection agrees with that of Theorem 3 for r=1,
and is just the identity map on A(r).
For w=212 in A(2), the lattices MFib(r)(w) and MZ(r)(w) are shown on the left
of Fig. 3b, while the bijection between them is given on the right. Below, one subposet
isomorphic to B(2;2) and the corresponding subtree isomorphic to T(2;2) is shown.
The bijection between the Boolean subposets and trees in the interval [;; 212]L(2)
is illustrated in Fig. 3c.
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